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Discrete random variables

Definition A random variable X is a function from 2 to R.

Definition We say X a discrete random variable if X can take a sequence
of different values.

Definition If X is a discrete random variable and has a discrete distribution
the probability function of X is defined as the function F' s.t.

f(z) = Pr(X =x), Vz € R.
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Continuous random variables

Definition We say X a continuous random variable if there is a continuous
nonnegative function f defined on R such that

Pr(X € A) = / F(z)dz, YA C R.
A

This function f is called the probability density function of X.
Note For every p.d.f f of X must satisfy:

1. f(z) >0 for all x € R.

2. [7° f(z)dz =1.
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Distribution functions

Definition The distribution function F' of a r.v. X is a function defined
for each real number £ € R s.t.

F(x)=Pr(X <z),z eR.

Thm The function F'(x) is non-decreasing as x increases.

Thm
lim F(x)=0and lim F(x)=1.

r——0o r—00

Thm
F(z)=F(z"), Vx € R.
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Distribution functions

Pr(X >x)=1- F(x).
Pr(z; < X <x3) = F(x3) — F(x1), Vr1 < x5 € R,

Pr(X <z)=F(z7), Vx € R.

Pr(X =x)=F(z)— F(x™), Vx € R.



Ruriko Yoshida

Joint probability (density) functions

Definition Suppose X and Y are discrete r.v. Then the joint probability
function of X and Y is defined as a function f s.t.

flr,y) =Pr(X =xand Y =y), Vz,y € R.

Definition Suppose X and Y are continuous r.v. If there is a nonnegative
continuous function f defined over R? s.t.

Pri(X,Y) e A] = //Af(a:,y)d:vdy, VA C R?,

then this function f(z,y) is called the joint probability density function
of X and Y.
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Joint probability density functions

Suppose f(x,y) is the joint density function of X and Y. Then it must
satisfy:

1. f(x,y) >0 forall xz, y € R.

2. [T 7 f(z,y)dzdy = 1.
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Joint distribution functions

Definition The joint distribution function of X and Y is defined as a
function F over R? s.t.

F(r,y)=PrlX <zand Y <y, Vz,y,€ R.

Note

Ty
Fao)= [ [ fluv)dudo and f(o.y) = 0°F(a.y) /020y,
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Marginal distributions

Definition If X and Y are discrete r.v., then the marginal probability
function of X is

fi(z) =Pr(X =x) = ZPT(X =xand Y =y) = Zf(a:,y)

The marginal probability function of Y is

faly) = Pr(Y =y) =) Pr(X=zand Y =y) = > f(z,y).
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Marginal distributions

Definition If X and Y are continuous r.v., then the marginal probability
density function of X is

hia = [ " fay)dy.

The marginal probability density function of Y is

faly) = /_ " g
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Marginal distributions

Definition If X and Y are r.v., then the marginal distribution function
of X is

Fi(z)=Pr(X <z)= lim Pr(X <zand Y <y)= lim F(x,y).

Yy—00 Yy—00

The marginal distribution function of Y is

Fo(y) =Pr(Y <y)= lim Pr(X <z and Y <y)= lim F(x,y).

r—0o0 r— 00
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Independent

Definition We say r.v. X and Y are independent if

Pr(Xe€eAandY € B)=Pr(X € A)Pr(Y € B), VA,B C R.

Note X and Y are independent iff

Pr(X <z, YV <y)=Pr(X <z)Pr(Y <y) iff
F(z,y) = Fi(z)Fa(y) iff
fxy) = fi(2) f2(y).
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Independent

Definition We say n r.v. X4,---,X,, are independent iff VA{,--- , A, C
R’

P?“(Xl €A1,'°-Xn€An) :PT(Xl EAl)PT(XnGAn)
Note X, .-, X, are independent iff
@1, @) = fi(z1) - fulwy) iff

F(mh s ,wn) = Fl(ilfl) s Fn(flj’n)
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Expectations

Definition If a r.v. X has a discrete distribution,

ZX )JPr({z}) = fo(x)

wEC T

Definition If a r.v. X has a continuous distribution,
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Expectations
Note We say E(X) exists iff [*__|z|f(z)dz < .

Thm For a nonnegative continuous r.v. X > 0,

E(z) = /000(1 _ Fa))da.

Thm If Y = aX + b, where a,b € R are constant, then

E(Y) = aE(X) + b.

Thm If there is a constant a € R s.t. Pr(X >a) =1, then E(X) >

there is a constant b € R s.t. Pr(X <b) =1, then E(X) <.
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Expectations

Thm If Xq,---, X, arer.v. s.t. E(X;) exists for all 4,

E(X:14---+X,) =E(X1)+---+E(X,).

Thm If Xq,---, X, are independent r.v. s.t. E(Xj;) exists for all ¢,

i=1 i=1
Thm If Xq,---,X,, form a random sample with mean y and if ¥ =

Xi+--+X,and M =2(X;+---+X,). Then
E(Y)=nu and E(M) = p.
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Variance

Definition For a r.v. X with a finite mean, the variance is defined to be

Var(X) = E[(X —E(X))?].

The standard deviation of X is \/Var(X).

Thm Var(X) = 0 iff there is a constant ¢ s.t. Pr(X =c¢) =1.

Thm For constants a,b € R, Var(aX +b) = a*Var(X).

Thm
Var(X) = E(X?) — (E(X))?
Thm If X, ---,X,, are independent r.v.,

Var(X1+---+ X,) =Var(Xy) + -+ Var(X,).
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Moments

Definition The expectation E(X*) for a positive integer k is called the kth
moment of X.

Note We say the kth moment exists iff E(|X|*) < oo.

Thm If E(|X|¥) < oo for some k then E(|X|7) < oo for all positive integer
J <k

Definition The expectation E[(X — u)*] for a positive integer k is called
the £th central moment of X.
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Moment generating functions

Definition The moment generating function (¢) is defined

h(t) = E(exp(tX)).

Note If there is a derivative ¢’ around ¢ = 0, then

¥'(0) = E(X).
If there is a derivative ¢* around t = 0, then

PF(0) = E(X").
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Moment generating functions

Thm Let X be a r.v. with the mgf ¢ and let Y = aX + b where a,b € R
are constant and 5 is the mgf of Y. Then

Po(t) = exp(bt)i1(at).

Thm If Xq,---,X, are independent r.v. with the mgf ¥,---,1,,
respectively, then

W(t) = H Wi(t), Yt with 1;(¢) exit,

where 1 is the mgf of X7 +--- + X,,.
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Covariance and correlations

Definition The covariance of X and Y is defined

Cov(X,Y) = E[(X — pux)(Y — py)].

Definition If 0 < 05 < 0o and 0 < 0% < oo, then the correlation of X

and Y is defined Cov(X.Y)
ov(X,

p(X,Y) = :
OxO0y
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Covariance and correlations

Thm (Schwarz Inequality)

E(XY)]" < E(X*)E(Y?).

Thm If 6% < 0o and 0% < oo, then

Cov(X,Y) = E(XY) — E(X)E(Y).

Thm If X and Y are independent and 0 < 0% < oo and 0 < 0% < oo,

Cov(X,Y)=p(X,Y)=0.
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Covariance and correlations

Thm Let X bearvwith0<oc% <ocandletY =aX +bwherea,b,e R
are constant. If a > 0, then p(X,Y) =1 and if a <0, then p(X,Y) = —1.

Thm If X and Y arer.v. s.it. Var(X) < oo and Var(Y) < oo, then
Var(X +Y)=Var(X)+ Var(Y) +2Cov(X,Y).

Thm If X5, .-, X, are r.v. with Var(X;) < oo, then

Var(X14+ -+ X,) =Var(Xy) + -+ Var(X,) + 2 Z Cov(X;, X;).

i<j
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